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Let a,, . . . . ad be a finite sequence of *-derivations on a C*-algebra 9l such that 
the Laplacian A = - xi=, S: is densely defined. We prove that if -A is dissipative, 
then 6,) . . . . 6, are conservative on the domain of A. This has consequences for 
integrability of Lie-algebras of derivations. The result does not extend to general 
Banach *-algebras. 0 1989 Academic Press, Inc 
Let 9l be a C*-algebra, and g a finite dimensional Lie algebra acting as a 
Lie algebra of closed *-derivations on 2L We will consider the problem of 
when g exponentiates to a representation of the simply connected covering 
Lie group G of g, as a group of *-automorphisms of 2I [6, 7, 31. This 
project was started in [ 11, where a more detailed general discussion can be 
found. 
Recall that an operator 6 on a Banach space ‘$I is called dissipative if 
11(1 -M)(x)11 Z llxll for all i >O and all x in the domain D(S) of 6. The 
operator 6 is called conservative if 6 and -6 are dissipative, i.e., if the 
above inequality is valid for all 13. E aB [4]. 
The main result of this note is the following theorem, which was proved 
for abelian C*-algebras in [ 1, Theorem 3.11: 
THEOREM 1. Let 6,, . . . . 6, be a finite sequence of *-derivations on a 
P-algebra ‘9l such that the Laplacian A = -C,“= , S: is densely defined on 
D(A) = ni=, D(6:). The following two conditions are equivalent: 
1. The operator -A is dissipative. 
2. The derivations 6,) . . . . 6, are conservative on D(A). 
Note that the derivations 6 1, . . . . 6, are not assumed to be closed, nor to 
be positioned in a finite dimensional Lie algebra, in Theorem 1. Before 
proving the theorem, we mention two corollaries. 
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If g is finite dimensional Lie algebras of derivations on a C*-algebra, let 
21z, denote the *-algebra of Cm-elements for g, that is, the intersection of 
the domains of all monomials in the elements of g. Let 6,) . . . . 6, be a basis 
for g. 
COROLLARY 2. Let g be a finite dimensional Lie algebra of closed 
*-derivations on a C*-algebra %. Then g exponentiates to a representation of 
the universal covering group G of g as a group of *-automorphisms of cu[ if, 
and only if, the following three conditions hold: 
(i) The domain D(A) of the Laplacian A = - C;f=, 62 is a joint core 
for 6,, . . . . 6,. 
(ii) The closure 2 of A exists and generates a contraction semigroup 
S, = exp( - tA) on Cu such that 
s,au21m 
for t>O. 
(iii) There exists a constant C > 0 such that 
1/6,S, 11 < ctr”* 
for 0 < t < 1 and k = 1, . . . . d. 
Proof: The conditions are necessary by [3, Theorem 3.11. They are 
sufficient by Theorem 1 and [3, Theorem 2.81. See also the introductory 
remarks of [ 11. 
COROLLARY 3. If 6 is a derivation on a C*-algebra % such that 6* is 
closable, -p generates a contradiction semigroup, and D(S2) is a core for 6, 
then 6 is a generator. 
Proof This is proved from Theorem 1 exactly as Corollary 3.2 of [ 1 ] is 
proved from Theorem 3.1 of [ 11: By Theorem 1, blD(~2, is conservative. For 
x~D(b*), 
(1-&%2)(x)= (1 +&5)(1-&)(x) 
c (1 + &S)(D(S2)), 
and since 1 - &*6* has dense range, (1 + ~6)(D(c?*)) is dense for all E E 178. 
Thus Corollary 3 follows from the Hille-Yosida theorem [4]. 
We prove Theorem 1 via the following technical lemma: 
LEMMA 4. Adopt the assumptions of Theorem 1. Let XE D(A) and 
assume that x 2 0. Let co be a state of 2I such that o(x) = 0. Let g E C3(R) 
and define 
f(t) = ct + g(t)t’, 
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where c is a constant. If 6,) . . . . 6, are closed we have f(x) E D(A) and 
-dA(f(,~)))=2 i 46,(x) ~X)~,(X)J-CMA(X)). 
k=l 
If 6,) . . . . 6, are not assumed to be closed, the same conclusion is true provided 
g is a polynomial. 
Remark 5. If 2I is abelian, the formula of this lemma reduces to 
-dA(f(x))) = 2dO) i W(~,(X)‘) - COtA( 
k=l 
=f”(o) i 0(6k(x)2) -f'(")w(db)), 
k=l 
which is the key formula of the proof of Theorem 3.1 in [ 11. Note that 
while the partially defined distribution f+-+ o(A(f(x))) has support at 0 in 
the abelian case, this is no longer so when 9I is not abelian. (If ‘$I is unital, 
the formula of Lemma 4 extends to generalf E C’(R) by defining g through 
f(t)=b+ct+g(t)t2, and leaving the right hand side of the formula 
unchanged. Then the remark extends to the fully defined distribution 
f~dA(f(x))).) 
Proof of Lemma 4. We first assume that 6,) . . . . 6, are closed. Since 
f~ C3 we have f~ D(A) [2, Lemma 3.21 or [S, Lemma 2.3.21. Further- 
more, modifying f outside the spectrum of x we may assume that f has 
compact support, and then A(f(x)) . g is iven as follows by means of the 
Fourier transform 
f(p) = (27c)-lj2 j dt f(t)e-“” 
off: 
-A( = i %Xf(x)) 
k=l 
= ,f, { - Wp1’2 j-a 
-co 
d!p%p) I,’ dt 
x s ’ ds[teis’Px ,jk(x) ,i(l -S)WX dk(x) edl -OPT 0 
+ (1 _ t) eifpx 6k(x) eis(l --rIpI 6,tx) ei(l -s)(l-Opx] 
+ i( 27r) ~ “’ j’” 
--53 
dppj‘(p) 1: dt eirpx 6:(x) e’(’ p’)pX>. 
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Now, as x is positive and o(x) = 0 it follows that x”*sZ = 0, where Q is the 
cyclic vector associated to o, hence h(x)Q =h(O)Q for any continuous 
function h, and hence o(h(x) yk(x)) = h(0) k(0) o(y) for any pair h, k of 
continuous functions and any y E 2I In particular 
w(e”“ye”“) = w(y) 
for all t, s E R. Thus, applying w on the expression for d(f(x)), we get 
-o(d(f(x))) = 2 i - (27cp1/2 jm 
k=l -cc 
x ds to(s,(x) eisfpr 6k(x)) 
+ i i(27pjrn 4&d 44%~)) 
k=l -03 
= 2 ,f, j’ dt j; ds t”(sk(x) 
xf”(stx) dk(x)) -f’(O) 0(d(x)). 
If now x (for a moment) means a positive real number, we have 
j; dt j’ ds tf”(stx) = j,’ dt t I,’ ds f (f’(stx)); 
= 
s o1 ; (f’(tx) -f’(O)) 
=x ~2(f(X)-f(0))-X-tf’(O) 
=x -‘(f(x) -f(O) - x3-‘(0)) 
=x -2(cx + g(x)x2 - cx) = g(x). 
By spectral theory, this calculation remains valid when x is a positive self- 
adjoint operator, and hence 
-w(d(f(x))) = 2 i 0(6k(x) dx) 6k(x)) -f’t”) 0(d(x)). 
k= I 
This ends the proof of Lemma 4 when 6i, . . . . 6d are closed. Now, if 6i, . . . . dd 
are not assumed, a priori, to be closed, but f is a polynomial, one can 
derive the formula of the lemma by using 
n-1 
6,(x1) = c Xk 6i(X)Xn-k- ‘, 
k=O 
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iterating this formula to calculate S;(Y), and then using 
o( X”Je) = 
i 
O(Y) if n=m=O 
o 
if n > 0 or m > 0. 
Proof of Theorem 1. The nontrivial part of the theorem is 1 =S 2 which 
we establish first. By standard reasoning we may assume that 2I is unital 
Jk(% ) = 0 for k = 1, . . . . d. Then it suffices to show that, if x E D(d) and x is 
positive, and o is a state with w(x) = 0, then w(~,(x)) =0 for k = 1, . . . . d 
[4]. Now, if f is a polynomial such that f(0) = 0 and f(t) 2 0 for t in the 
spectrum of x, it follows from dissipativity of -d that 
-o(d(f(x))) 2 0, 
It follows from Lemma 4, applied with c = 1 and h(r) = - g(t), that, if h is 
any polynomial such that 
h(t)<; 
for t in the spectrum of x, then 
,$, 46/c(x) h(x) d,(x)) d -; 44x)) = K. 
Approximating continuous functions with polynomials, this estimate 
remains valid for all continuous functions h such that h(r) 6 l/t for t > 0. If 
P, is the spectral projection of x in the cyclic representation defined by w 
corresponding to the spectral interval [0, E], it follows that 
i.e., 
c (6k(x)52, p, dk(x)O) < EK. 
k=l 
Taking the limit E + 0, we get 
kg, (6k(x)Q, pO Gk(x)sL) = O, 
and hence 
P, S,(x)Q = 0 
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for k = 1, . . . . d. But P,Q = Q, so this implies 
w(S,(x)) = (Q, P, S,(x)s2) = 0. 
This completes the proof of 1 *2. 
To prove 2 3 1, it follows from the inequality il(l + A 6,)(x)/[ 2 I/x/J, and 
the identity 1 - A2 SE = (1 - A 6,)( 1 + Ad,), that I[( 1- A2 S:)(x)11 > llxll for 
all x E D(6:) and 1 E [w, and hence Si is dissipative. But if x E D(d), and q is 
a tangent functional at x, it follows from an equivalent characterization of 
dissipativity that Re v](@!(x)) d 0 for k = 1, . . . . d. Thus Re q(d(x)) >, 0, and 
-A is dissipative. 
This ends the proof of Theorem 1. 
While the implication 2 + 1 in Theorem 1 is a general Banach space 
result, the main conclusion 1 + 2 does not even extend to the setting of 
general Banach *-algebras: 
EXAMPLE 6. (The details of this example can be read off from [6, Chap. 
12C], but not in the form needed for the present purpose.) 
Let 1’ be the group algebra of Z with the familiar Cauchy product: if 
a = (an)nE z, b = (b,), and c = (c,) = ab, then 
c, = 1 ambn-,,,, (%)* = (a,), 
msz 
and 
llall = 1 I% I. 
nez 
Consider the Lie group 
G=SU(l, l)= : b12- IB12= lj, 
acting on the circle S’ via 
LIZ + p 
z+:, 
flz + 01 
ZES’. 
This gives rise to an action of SU( 1, 1) on C(S ‘), and relative to the 
angular variable t, given by z = e”, the infinitesimal Lie algebra of this 
action is spanned by the derivations 
&I =$ 6, =cost-$ 6, = sint $. 
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But C(S ‘) is the enveloping C*-algebra of I’, so this also defines a Lie 
algebra g of *-derivations in I ‘, given by 
I 
6,: (a,), + (in 4A 
6,: (a,), -+ 
( 
; ((n - l)a, 1 +(n+ 
62: (a”), -+ ;((n-l)UDP, -(n+ 
It is shown in [6, lot. cit.] that the only elements 6 in g which are conser- 
vative relative to 1’ are those of the form 6 = I 6,,, 1 E R. The Lie algebra g 
does not exponentiate to a strongly continuous representation of the 
universal covering group of G. 
Since the Laplace operator A defined by 
is completely diagonalized, 
A: (~,A -+ W24)n, 
it is immediate that -A is dissipative and e Prb exists as a holomorphic 
semigroup of contractions on 1’. It is easily verified that this semigroup 
maps 1’ into 1 t, for t > 0, and that the estimate 
is valid for k = 0, 1, 2. Thus properties (i) to (iii) of Corollary 2 are 
satisfied, and this example shows that Theorem 1 as well as Corollary 2 
breaks down for Banach *-algebras. 
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